In previous chapter, we have studied about the existence of inverse of a funetion. In this
chapter, we shall study about the restrictions on domains and ranges of trigonometric
functions, which ensure the existence ol their inverse and observe their behaviour
through graphical representations,

INVERSE
TRIGONOMETRIC
FUNCTIONS

INVERSE OF A FUNCTION Y CHAPTER CHECKLIST

We know that if a function is one-one and onto, then it is an invertible function, * Inverse of a Function
Suppose f: X =Y such that f(x) = y is one-one and onto, then we define a o Inverse Trigonometric
unique function g ¥ —» X such that g(y) = x, where x€ X and yev. Functions

Here, g is called the inverse of f and it is denoted by o gl
Further, g is also one-one and onto, thus g = £~ :¥ = X,

Clearly, domain of £~ = range of £ and range of £~ = domain of f. Before

we study the inverse trigonometric function, we have to know the domain and
range of trigonometric function, which are shown below

Function Domain Range
sinx R (=1,1]
08 x R [=1.1]
tanx R-[::xa@nol)%,nel’ R
cot x R-{x:x=nnnel} R

S8C X R-[x:x=(2n¢l)§-.nel‘ R=(=11)

COsec x R-{x:x=nr,nel} R-(-11)

IN \,I'ERSE TRIGDNDMETRIC Function an™! x, whose domain is [=1 1] and range
FUNCTIUNS [;ﬂ;] 15 Written as sin ' ¥ [=11] —I-I:_l—ﬂl]

1 3
As we know that trigonometric functions are p:rindic
functions, so these functions are manyv-one, T ngonometric 1 . I
et hese funcrions are many-one. Trige ¢ Graph of Inverse
functions are not one-one and onto over their naruaral

domain and range, so their inverse do not exist, but if we

Trigonometric Functions
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restrict their domain and range, then their inverse may exists.

Domain and Range of Inverse
Trigonometric Functions

The range of tgonometric functions becomes the domain
of inverse trigonometric functions and restricted domain of
trigonometric funcrions becomes range or principal value
branch of inverse trigonometric funcrions,

c.g Let the function f: R — R defined as f(x) =sin x.
Since, the domain of sine function is a set of all real

numbers and range [=1,1] Therefore, it is many-one
function, If we restrict its domains to anyone of the

intervals =in -n - N noin
2 "2 222" 2])

becomes one-one onto and in each case and the range is[ -1, 1]
Therefore, we can define the inverse of sine function in cach
of these intervals and denoted by sin ! (arc sine function).
Thus, sin ™" is a function whose domain is[=1, 1]and rang:

may be any of the intervals [% -_ﬂ} [-n l[] [

and so on. Corresponding to each such interval, we get
branch of function sin™'

The branch with range [-n/2, n/2] is called principal value
branch and value belonging to it is called principal value.

erc., then it

The graph of an inverse rigonometric functions can be
obtained from the graph of trigonometric functions in two
ways
(i) By interchanging X and Y-axes, ie. if (4, &) is a point
on the graph of trigonometric function, then (b, 4)
becomes the corresponding point on the graph of
inverse trigonometric functions,
(i) As a mirror image (i.e. reflection) along the liney = x.
e.g. The graph of inverse sine funcrion is obtained from the
corresponding graph of original sine function.

It is clear from the graph that inverse of sine function is the
mirror image of sine funcrion with respect to the liney = x.

Domain, Principal Value Branch (Range) and Graphs of Standard Inverse Trigonometric Function

Function Domain Principal value

branch (R ) Other possible range  Graph (By inlerchanging axes)

Graph (As mirmor image)

y=sintx i [LE R EF|[3 5] we
[2'2] [2'2'22"“
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Principal valua

Funciion  Domain branch (Range) Other possible range  Graph (By imerchanging axes) Graph (As mivor imaga)
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Principal value

Function  Domain branch (Range)

Other possible range  Graph (By interchanging axes)

Graph (As mirror image)

y =cot™ x R (0, ) (==, 0), (m, 2), etc.

Note In the above graphs, colourad line denctes the graph of inverse tngonometnc functions in the principal value branch.

IMPORTANT POINTS RELATED TO
INVERSE TRIGONOMETRIC FUNCTIONS

(i) sin™ y # (sin y)-'.sin-l yixin"[l],
Y

l . These relations are also hold for

sin™! y# -
sin y

other inverse trigonometric functions.

(1) Whenever no branch of an inverse trigonometric
function is mentioned, we consider the principal
value branch of that function.

(i) Ifsin™' x= ¥, then x and y are the clements of

domain and range of principal value branch of
sin "', respectively.

(iv) In the graph of inverse function, if we draw a
vertical line, then it cut the graph at many points
which shows that it is not a function. That's why
we restricts the domain for inverse trigonometric
functions.

Problems Based on Principal

Value Branch of Inverse
Trigonometric Functions

There are mainly two types of problems, In first type of
problem, we have to find the principal value of given
inverse trigonometric function and in second type of
problem, we have wo find the value of two or more than
two inverse trigonometric functions, which are
connecting with operations *+' or *=",

For solving such problems, we take value of each inverse
trigonometric function in its principal value branch.

Get More Learning Materials Here: & (ol >,

EXAMPLE |1] Find the domain of the function defined by

f(x) =sin™ Jx =1 [NCERT Exemplar]
Sol Given function, f(x)= sin™ \Ix -1
For domainof f(x), 0% Jx -121

= 0€Ex=1%5] = |Sx<2
’ x€f12)

EXAMPLE |2| Find the principal value of the following.
-1

. N 1 . -1
(l)sin"( 1 ) (i) sin”™ --] (i) cot ( ]
N 2 B NCERT)
Sol (i) Let ymsin™|— ]
(i) Let y=sin [72.
= sin y= : .‘m(ﬁ) = y.£ ['.'Iilli- ! ]
75 4 q 4 7:7
We know that the principal value branch of sin™ is
[-ﬁ,ﬁ].nd_";[- x 2}
2 2 4 r |
o Caf 1Y) m
Hence, the principal value of sin [E] s
(ii) Let m“[-l].u = sinfl m =—
2 2
. 1 om [ I'I:]
Sosinh 8 e g — = gin | =—
2 [ &

[ sin (=) = =sin]

= H--E
i

We know that the range of principal value branch of

e is| =5 2 g Befom
sin ll E'Ede ﬁE 2.2}

Hence, the principal value of l-'m"[-';] is -%.
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(i) Let y= :n-t"(%] = coty= i;-

= cnt}r---mlin cm(n -1]
3 3

[veotim =0)= = coth]
=3 coly = :m(?Tﬂ] =3 J.r-ETnEm. )

[ principal branch of cot™ is (0, n))

EXAMPLE |3| Find the value of tan™ (-1) in the
interval [ z 3—1}
2 2
Sol Let y=tan™(=1) = tany==1
= tﬂl!}"'iﬂ.lla-—u- [ -]—n-E(l -!_n- ]
4 2" 2)
= '-lﬂ
"3

EXAMPLE |4| Find the value of sin[% -si:i"[- 1] .

wfgomet] |

il

I
=5n—m=]
2

(2=

EXAMPLE |5| Evaluate cos™ [%] +2sin™ [%] .

[INCERT; All Indlin 2013)
Sof Letecos™ (IE] =X

1 {4
= cos x ® —m cos —
= rl;Elﬂ. n

[ principal value branch of cos™
Again, let sin™ (13] =y

is [0, =]

1 n n nom
= R.I.I'I._'P'—"i.ll'l—:} }I"-—-E ——
2 6 1”272

1
|
{ principal value branch of sin™ [ % %]]
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EXAMPLE |6] Find the value of sin ™ [£]+ tan™ (+/3).
B

Sol For principal value of sin™ [T] .

- Y3
Let y =sin IT

= sin y= —3

¥y = )
. o [ A
— ﬂn_}"'il“— HDN —E —
k. 3 2 |

n mn

= | =— =

¥ 3 [ 2 2]
['.' prilu.:ipal value branch of sin™' is[%. %]

By

2 3
For principal value of tan™ [ﬁ].
Apgain, let x -tnn"[-.E]

— tan x "uE

— tan x = tan [-%]

- I.EE[-H]

[-_-m;.ﬁ}

['.' Fn’ilu,'ipul value branch of [all-. h[--—;-,%]]
=3 lan"[-.ﬁ] .?ﬂ
coEn” [ﬁ] + tan"i-ur} - +-
2 3 3

2n
'—
3

EXAMPLE |7| Find the value of
-if =1 -1f 1 -1 . n
tan™" + cot 1[ ] + tan '[nn[- -]]
[?3'} 5 2

so- (32 (4 -]

-'—'+%+ tan™'(=1)

w2 e o{)e

()

B . E_ 5
6 3 4
-1

'—

12
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EXAMPLE |8| Find the value of S0, the principal value of L‘m"{-l?] X

3
tan™? lisill{ztﬂs' ! é]:l Now, find the principal value of tan ™ (=3}
Let x = tal:"[--.lri]
Sol. Given, tan"[in:’u[icm" %]] = Enym=yim=- tan% [ u.n% - ﬁ]
r = fan x = fan {i] [ tan(=6)= = tan ]
= tan™"* m-{z x E]] 3
IS n
=5 X =—
L] 3 =
= tal!-l(iiili?] Since, the principal value branch of pan™ is [ Tﬂ %]
" =T K
i angd =—g (— -].
= tan”™" Exg] 3 2 2

L9

S0, the principal value of tan™ | =3} is { -%}

- n
=tan”'f3 = N Now, find the principal value of cosec™ [ 2),

L =
EXAMPLE |9| Find the value of et z = cosec™ (2)

)
= COSEC Z®m 2m oosec—

- 1 - -
cos ’[-5] + tan™ (- 4/3)- cosec™!(2). 6
= rml
Sol. Firstly, assume the given inverse trigonometric function
equal o yior x). Since, the principal value branch of cosec™ is
1
Let y = r.'n.n"[--] 22]- andie[ﬂli}- ).
2 22 o 6 |z 2 )
=l I n ' - . -y i T
= cosye= T- = C0E ; = {08 (n = ?] So, the principal value of cosec™ (2) is :
['.' cod (M=0)= = I'.‘ﬂl.“I . EM-:['%] % mn-l{-qﬂ’ = cosec™ 2
= cosym em[z—n]
i FL
= =
n I 03 &
=5 ym—
3 (4=2=1)1
Since, the principal value branch of cos™ is [0, %] and = [
2
_n-f:' [ﬂ' ;'[l_ = £
3 &

SUMMARY

* Inverse of a Function Suppose I : X— ¥ such that f(x) = y is one-one and onto, then we define a new function g : Y — X such that
g(y)=x, where x € Xand y € Y. Here, g is called the inverse of f and it is denated by 1*'.

* Domain and Range of Inverse Trigonometric Functions The range of trigonometric functions becomes the domain of inverse
trigonometric functions and restricted domain of trigonometric functions becomes range or principal value branch of trigonometric

functions
Function Domain Principal Value Branch
y=sin" x [-11) [_g g_]
2°2]
y=cos™ x =11 [0 =]
y=tan™ x R an
e B X N
y=sec™ x R=(=11) -z
(an) [2|
y-m"x R'("‘-’) [_2.1 _(o}
y=cot™ x i (0.2)
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» Graph of Inverse Trigonometric Functions The graph ol inverse trigonometric functions can ba ablained from the graph of

trigonometric functions in following two ways

(i) By interchanging X and Y-axes, L.e. it (a.b)h-polntmhmphduigmmﬁcmﬂm then (b, a) becomes the camesponding

point on the graph of inverse trigonometric functions
(il) As a mirror image (I.e. tullectlon)donglholhoy-x

CHAPTER
PRACTICE

OBJECTIVE TYPE QUESTIONS

I The inverse of cosine function is defined in the
intervals

(@)[-x,0) (b)[%.O] (c)[o.g] (d)[g.n]

2 The domain in which sine function will be

one-one, is
AR b [131]
(a)[ 2 2] ® 2 2
(c)0, =] (d) Both ‘a' and 'b’

3 Iftan™ x =y, then [CBSE 2021 (Term 1))

(a)=l<y<l (b)-’—nsys%

- n -t %
@ F<y<3 @ye|F.3

4 Ifsin™' x = y,then
- R
(a)0sysx (b)TS)SE
-1 R
(c)O<y<n (d)T<y<-2-

1 ) 1
§ The principal value ofcos"(—) + stn“(- ) is
i 2 N
|CBSE 2021 (Term 1))

n n n
(a)=— (c) 3 (d) 3

12 brs

6 The principal value of [tan™ 3 = cot™'(=y/3))is
[CBSE 2021 (Term 1))
(d)243

(a)m (b)--;; (c) 0

7 isin“'x+sin'yasin™'z= -3-25 then the value of

100 100 100

XS PO D -m—m'—'r s
P 5
(a) 0 (b)1 (c) 2 (d)3

e @)

VERY SHORT ANSWER Type Questions

8 Evaluate cot™ (= v/3). [Delhi 2013)

9 Write the value oflan"[!an (lin)}

10 Find the principal value of the following.
(Each part carries | Mark)

(1) cos"{’/?g] (i) cot™J3
-} p -l 2
(iii) cosec™ (=J2) (iv) cosec (75)

(v) cosec™(2)

()

(viii) cos"[-J—i]
2 ) INCERT)

(vii) col“(-%)

Il Find the domain of the function cos™(2x = 1),
INCERT Exemplar|

12 Find the principal value of tan"(tan 16,1)
INCERT Exemplar|

13 Write the value of cos™ [-%) +2sin™ (%)

|Forelgn 2014)
14 Write the principal value of
[cos"[ JE] + cos"( :l ] ]
2 2 (Delhi 2013]

SHORT ANSWER Type Questions

15 Find two branches other than the principal
value branch of tan™

16 Find the value of tan™ (v3) = sec™ (=2). INCERT)
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17 Find the value of tan™(1) + cos"( -l] + sm"(-;l}

2
INCERT)

I8 Find the value of 2sec™2 + sin"[%}
INCERT Exemplar|

19 1ftan™(V3) +cot™ x = % then find x.

CASE BASED Questions

20 Two men on either side of a temple of 30 m
high observe its top at the angles of elevation «
and p, respectively (as shown in the figure
below).

The distance between the two men is 4043 m
and the distance between the first person A and

the temple is 3043 m. [CBSE Question Bank|
| ANSWERS |
L (a) L. (dy 3. e} +. ()
6. (b) 7. (a) 8. ET“ 9, ?

10, {Ijl ih}i {ikiy - ﬂll'j: {U}E. {w}i, {\.'nj;'r—“; {'l.-'l.l.l.js—FI
] [ 4 3 [ ] 3 ]

I xe(o1) 22 3. n 4, 22

6 o

16. =2 7.3 18, 3% 19. i
3 4 ]

200 (i) = (b, (i) = (e}, (k) = (d), (iv) = (e}, {v) —+{e)
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Based on the above information, answer the
following questions,
(i) ZCAB=as=

(a) sm-'(%] wysint (3)

(¢)sin='(2) (d) sin" ‘[g)
(i) ZCAB=a=
(a) COS"(%) (b) cos™ '[é]
(c) cos"[-‘?—] (d) cos™' -g-)
(i) £ZBCA=f=
(a) tan"(%) (b) tan™" (2)
(©) tln"(vlg) (d) tan"' (v3)
(iv) ZABC =
7 n R n
(a) T (b) s (c) : (d) 3

(v) Domain and Range of cos™' x =
(a) (=1,1),(0, m) (b) [-1,1},(0, =)

L
(c)[=1,11,10,=) (d) (- l.ll[-?;]

5 (a)
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